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 7
 
-2 "	#	  !$  		. 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  
	  	   ! " 
&%+ % +> %%    0  00
 %!     ."  !/% ?9 ! 0 @!
>A  0  <*  * 0  0
*! 
 			 %%  Rn % %1
Rn := {x = (x1, . . . , xn) : xi ∈ R, i = 1, 2, . . . , n} .
 		#	 
  Rn  #  # x0  r > 0
%>*0 +%
B(x0, r) = {x ∈ Rn : |x− x0| < r} .
B<  <  #  # x0  r > 0 %>*0 
 +%
B(x0, r) = {x ∈ Rn : |x− x0| ≤ r} .
 		$	 -+% A ⊂ Rn %>*0  0
( +  x0 ∈ A ,%*  +%% A   0<  <
B(x0, ε0).
  	
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 %* % +%% >  <  ! 
 <  C( +% +% A  #*  < < ( 
%* < +  A  > %<  ( %   x1  >

< 0 %*  %.   ( #   +%* A @%  < A
B 9! / 0( +% ( + A   +%*  "  A >
+ %<1  9 % x0 > %% ( 0  0 B(x0, ε0)
 (  +%* A.
 		%	  Rn, n ≥ 2, %>*0 +% D
0 9 %  ! :0 / /* 0 % x1,
x2 ∈ D + :>% %< γ, ( #   +%* D @%  <
	A
  	
 D  	  
 
 		&	 
	 f : D → Rn %>*0 
0  +   x = (x1, . . . , xn) ∈ D %*  
* @>%% %A %.   f(x) = (f1(x), . . . , fn(x)) @%  
DA B% f : D → Rn %> ( /+0 f,   /  D,
> %
   	 
!   D ⊂ Rn.





	   D ⊂ R2,   x = (x1, x2) ∈ D ! "# f(x) = x1$
"
f(x) = (x21, x2).
 		(	  0 /* 0" +%% D "" 	  
/+0 f : D → Rn %>*0 +% f(D), (  >*0 
,   y ∈ Rn,  0 0%, > x ∈ D, %. ( f(x) = y @%
%   < DA
 		)	 &,.D  / *  Rn. %	
	&		 f : D →
Rn %>*0 /*0 /+0  > >% @/
 f(x1) = f(x2)  %9   % x1 = x2A
B 0 ! % %> (  /  f(D) +




 f −1 : f(D) → D, / 
/+0 ( f−1(f(x)) = x  0 /*0! x ∈ D  f(f −1(y)) = y
 0 /*0! y ∈ f(D). B ! ( f > >% % %>
( f(D) + / / < @%<  :0< +%<A  (
/+0 f −1 + > % @#  *%.  0%. >
%  0  *%, +% D, (  > / 0%A
* 	 A /+0 f(x) = x, x ∈ R, f : R → R, > !
  *%  % f(x1) = f(x2) > x1 = x2  0
#*! /+0 	A /+0 f(x) = x3, x ∈ R, f : R → R, >
!  *%  % f(x1) = f(x2) > x31 = x
3
2, %
@/% * /%.  /, .A  x1 = x2. DA /+0
f(z) = z3, z ∈ C @    C     (%A  > !
  %%  D = {z ∈ C : |z| < 1},  *% /*0 
z0 /  D,   0 >  % %, 0 0 /! 
#     !/%   **  %,  n! 
0  %  z0 = 0 8A /+0 f : (−1, 1) → R, f(x) = x2  /
!  *% %  f(−1/2) = f(1/2) = 1/4, , 
−1/2 = 1/2.
	# + ,
 0 %, %*  !  /!%!   > 
/ ( ! *0 %0 %#. 5%  %,
> 00   3/ > 0 /  %+ E! * 
 0!>   (   " !0 F!0  %,F
    0   /+* @G.   +
+ %%.  0  *9! % 0  .! + %.% F
 *F '   + % %  +  %% .! 
 *% / 0   3/ > %%<*   ( 
% %, /+* 0% %0 A
#
 	#		 -+% K ⊂ Rn %>*0 	

 0
( > C > 0  ( |x| ≤ C  0 , x ∈ K @    |x| =√
x21 + · · ·+ x2nA -+ %  ( 91 +% K ⊂ Rn %
>*0 /+< 0( >  0 B(x0, ε)  ( K ⊂ B(x0, ε).
 	#	#	 -+% K  Rn %>*0 	
 0(
Rn \K > %< +%<
 	#	$	 		 K  Rn %>*0 +% 0
 > <  /+<
 	#	%	 &,. D  / *  Rn. H / !%%
( #0 f : D → R > &'  		 	 0( >
 C ⊂ D %. ( f ≡ 0   C.
   *9 Ck0 (U) >  #. u : U → R  
% >  U, ( <* k %%, ,%,  /* 0< 
< x1, . . . , xn 0 > %%  U.
50 !   #" % +> %1 !/ 
+% + %  ( 0( f : U → R, f ≥ 0  #0 ∫
U
f(x)dm(x)  # %.  .%. # f → l(f) := ∫
U
f(x)dm(x).
&   #   + >*0 % l(f) = ∞.
6#0  #* % %>*0 

( C( l(f) < ∞,
f 
(  0 % 0  *9!   / *9  
.  ! % /+    /:0
 	#	&	 &,. U  / * U ⊂ Rn, u : U → R  0
#0 ( !  /*0%, , K ⊂ U. ?%%
( .*0 #0 v, 0 + !  /*0%, ,








 0 /*0. #" ϕ ∈ C 01 (U). H / !%% ( #0
v > (
  
)(  &'* u  	 xi 
% % 1 ∂u
∂xi
(x) := v.
6#0 u ∈ W 1,1loc (U), 0( u > ! * % , 
9! 0  +.  %,  /  U, 0 > !%% 
/* 0  K ⊂ U, / <* %. ! 
  %  %(  FlocF >    *%.
, !0 ! *%, %%, ,%, @/ 
$
.  !0  ,AI % F F <*   (
0 %%, ,%, <>     * !0 ", +
/>*0   
 	#	(	 &,. G  / *  Rn. /+0 f : G →
Rn  +%*  + W 1,1loc (G), %9* f ∈ W 1,1loc (G), 0( 
% #" f = (f1, . . . , fn)  +*    W
1,1
loc . &9
f ∈ W 1,nloc (G), 0( f ∈ W 1,1loc (G)   ! ! * % 
, ∂fi
∂xj
> !%%  /*0%, , K ⊂ D   n.
! 	#		-+ % ( %#.
/+0 f : D → Rn, 0     <*0 %  C1(D)
@/ /+0 + % #0 0%, > %.
% , ( > %%  DA +%  +*   
W 1,1loc  W
1,n
loc . & %# % 0 %  / %   
%% /+0% 0 ( %<*0 (	 H 
%  +%* /+0    W 1,1loc / W
1,n
loc , 0 %   
/ /
	$ -  .  !
&!> 0  %   ."  !/%
 	$		 ,	 


	 A : Rn → Rn %
>*0  /+0 (  *0> 1 A(x + y) = A(x) +
A(y)  A(λx) = λA(x)  0 /*0%,  x, y ∈ Rn  /*0! % 
λ ∈ R.
/  (   /% e1, . . . , en /*0  .
0 + %%  %! 0 %#
A =
⎛⎜⎜⎝
a11 a12 . . . a1n





an1 an2 . . . ann .
⎞⎟⎟⎠
& +0 >  <%  0 *!  *9! % 
0 @% J  	 !  $KA
/0 	$		  	 
   A : Rn →
Rn  	 	 detA = 0.   
  e1, . . . , en  ẽ1, . . . , ẽn    
λ1, . . . , λn, λ1 ≤ . . . ≤ λn ,
%
λi > 0  i = 1, 2, . . . , n,  

A(ei) = λiẽi @DA
  i = 1, 2 . . . , n.
 	$	#	 3%%  e1, . . . , en  ẽ1, . . . , ẽn  
% D %<*0 (	 
	 /+0 A,  % 
λ1, . . . , λn  (	 	 / (	 (	 /+
0 A.







⎞⎟⎟⎠ ,  |Ah| > +%  Ah,
|Ah| =
√
(a11h1 + · · ·+ a1nhn)2 + · · ·+ (an1h1 + · · ·+ annhn)2 .
 	$	$	 - 	 /  	  .
! /+0 A : Rn → Rn %>*0 %  ‖A‖,  %>*0









(a11h1 + · · ·+ a1nhn)2 + · · ·+ (an1h1 + · · ·+ annhn)2 . @D	A
* " . 0 0  11  0
  "02 0 	$	
?  ,  /+0  0 #*! 
%>0 0% %% %+
H    (x, y) >  0%. /  x = (x1, . . . , xn)
 y = (y1, . . . , yn) ∈ Rn,  
(x, y) = x1y1 + · · ·+ xnyn .
L! 0 0+%.  A∗  0 %# A, / %. (
(Ax, y) = (x,A∗y) x, y ∈ Rn . @DDA
&
@30+%.    /%   9>*0  *
%    ."  !/%   ( A∗  A 0<*0 
#>< 0A L! 0  0 %+" %# A %
 e1, . . . , en  % D 5 *% e1, . . . , en > <
  > /%    A∗Aei + /%  %.  *
 0%% #>%1
A∗Aei = a1e1 + · · ·+ anen , ai ∈ R, i = 1, 2, . . . , n . @D8A
B. #>% ai  @D8A  0 #*! +% @D8A  0
 ej, j = 1, 2 . . . , n. 5 *% %  e1, . . . , en > 
< %9%*  %0%  0! / / %1
(A∗Aei, ej) = (a1e1 + · · ·+ anen, ej) = aj . @DA
B 9! / %9%* 90 @DDA 0%  @DA
 % ( (A∗)∗ = A, / % % i = j
(A∗Aei, ej) = (Aei, Aej) = (λiẽi, λj ẽj) = λ2i @D
A
 % i = j
(A∗Aei, ej) = (Aei, Aej) = (λiẽi, λj ẽj) = 0 . @DA
B @DA @D
A  @DA % %> ( aj = 0 % i = j  ai = λ2i .
' % e1, . . . , en > 	 
	 %# A∗A,
 *%  @D8A % %> ( A∗Aei = λ2i ei. H 0 A
∗A 
/% e1, . . . , en / % %. %! 01
A∗A =
⎛⎜⎜⎝
λ21 0 . . . 0





0 0 . . . λ2n .
⎞⎟⎟⎠ @DA
B! ! (  / %#* <> / ", 
  detA∗ = detA,  @DA % %> (




| detA| = λ1 . . . λn . @DMA
H .  /+0 A @% 90 @D	AA
&,. h = (h1, . . . , hn), |h| = 1. H1
h = b1e1 + . . . bnen ,

 %  e1, . . . , en   <0 % D  b1, . . . , bn
 %%  h  /% e1, . . . , en. B+% (√
b21 + · · ·+ b2n =
√
(b1e1 + . . . bnen, b1e1 + . . . bnen) = @D7A
=
√
(h, h) = 1 .
B 9! /
Ah = A(b1e1 + . . . bnen) = b1A(e1) + · · ·+ bnA(en) =
= b1λ1ẽ1 + · · ·+ bnλnẽn .
5 *% λn ≥ λi  0 /*0! i = 1, . . . , n,  %  ẽ1, . . . , ẽn
> <   .<  0! /    ,












1 + · · ·+ b2nλ2n ≤
≤ λn ·
√
b21 + · · ·+ b2n = λn . @DA
?+ ( # @DA > < / .*0 h0 ∈ Rn %.
( |h0| = 1  |Ah0| = λn. . 0 h0 + /%  0%.  /%




|Ah| ≥ |Ah0| =
=
√
0 · λ21 + · · ·+ 0 · λ2n−1 + 1 · λ2n . @D	A
'
‖A‖ = λn . @DDA







l(A) = λ1. @DA
'	 -
  	   

 (   ‖A‖ = λn.
* 	$		  	 	    






/01    > /+0 A : R2 → R2, / n = 2. ?
9 0% , %> ( detA = 1.





, %. ( |h| = 1.
H/ .% ‖A‖ = sup
|h|=1
|Ah|.  %1
|Ah| = |(h1 cosϕ+ h2 sinϕ,−h1 sinϕ+ h2 cosϕ)| =
=
√




2 ϕ+ sin2 ϕ) + h22(cos





2 = 1 .
' > |Ah| = |h| = 1  0 /*0!  h !
( |h| = 1. ?,0%   |Ah| = 1  sup  , ,
h %, ( |h| = 1, >1 ‖A‖ = 1. 5 *% detA = 1 = λ1 · λ2 
λ2 = ‖A‖ = 1,  !  0!% λ1 = λ2 = 1.
?   e1 = (1, 0)  e2 = (0, 1). H / %
Ae1 = (cosϕ,− sinϕ), Ae2 = (sinϕ, cosϕ) .
?   ẽ1 := Ae1  ẽ2 := Ae2. -% / % |ẽ1| = |ẽ2| = 1 
(ẽ1, ẽ2) = cosϕ sinϕ−cosϕ sinϕ = 0. 5+ ẽ1, ẽ2   %
  ( Ae1 = 1 · ẽ1  Ae2 = 1 · ẽ2. 
   




 #			 -+% A ⊂ Rn %>*0 +%< 	
,

(  /  	  0(  0 /* 0! ε > 0 >








n < ε ,





 ()  R2.
 #		#	 C( +%  > +%< %  * 
+* (  > %% 
?%% % % +%% %  * > /*0 
+% +% (  >*0  " / % "  *
  @%  +% , # *%, %  0. >
  *A * 0   +% >   *  R3 @% 
 ! / *  R2 >   *  R3A $ (a, b) 
0.  # %  +%% %%" %  R1  .!  <>
b− a.    (%  +%< % a > 0 > %% 
 0 <> a2. ?    Rn  % a1, . . . , an > 
a1 · · · an  Rn. ?( +% +%%  *" %  Rn  # +%
%  *" +%%  R1,  *"  (  R2 /  *! /:> 
R3. ? <>1  %* +%% /% +%<   * 
 +%*    0 % ! 0>*01 %   + +%% 
  +* %   *   9 +  /* %
% &%    R2 > %%  0 <> 
+%% .! %  /%  < !<  > 
  *   R3.
 #		$	  !%% (  %* A > #
 	
  x   D,   A 	 	'
   x ∈ D, 	
	 
* 	 E,   	 	 1
&!> 0 %#. /+0  #  
%# C/ /+0





  ' x0, 0(  0 /*0%, ∆x ∈ Rn, %, (
(x0 +∆x) ∈ A,  0!  .! 0 L : Rn → Rn, %
*
f(x0 +∆x)− f(x0) = L∆x+ α(x0,∆x) · |∆x| , @	A
 α(x0,∆x) → 0 % ∆x → 0.  #* %  L > %#<
0 %>*0 	'
 2 /+0 f  # x0  >*
0 %  f ′(x0),    %# C/ f ′(x0), ( ,%*0  ""
i 0 % j # <* %  ∂fi
∂xj
(x0).





































(x0) ,%*0  1 0( /+0 f(x) =
(f1(x), . . . , fn(x)), 
∂fi
∂xj
(x0)  # %. , % fi #*!
/+0  . xi, 0  # x0  /%   < (
9 %, >  %%
! #			  %%% ∂fi
∂xj
(x)  * 	8  	 ,
  <*0  % (   !  +
% +* /% %% '  #  %%% 0( % /% <*
<* + /< .+ <% @/ <%  % <0 
0" +%% %  *A % J    D §  !  $K G
 *%.  0%.    %.  0 9! 
5 " 6 0   "  ∂fi
∂xj
(x0)  0,0 
   ".  % 0 	8
B>  x0 ∈ Rn,  %#<  @		A + ! 0
% 0  . /+0 A := f ′(x0), 0 >  % h ∈ Rn.
? <%   DD A := f ′(x0),  0 >1
‖f ′(x0)‖ := |f ′(x0)h| .
H x0 %> /% 0   < >  h. f ′(x0)h  #






⎞⎟⎟⎠ . 5+ f ′(x0)h

  0%.   |f ′(x0)h|  # .! +% @H/ 0(
f ′(x0)h = (c1, . . . , cn),  |f ′(x0)h| =
√
c21 + · · ·+ c2nA
H   
J(x0, f) := det f
′(x0)
  /+0 f  # x0. C/   /+0
+ ,%  !< 9* @DMA  @DDA B
% ! % 0   + +%% ( % e1, . . . , en,
ẽ1, . . . , ẽn  %  λ1, . . . , λn  ! !  x0, 4
 0 0 A := f ′(x0) !  x0,   "04
	 ?% + x0  " % e1 = e1(x0), . . . , en = en(x0), ẽ1 −
ẽ1(x0), . . . , ẽn = ẽn(x0)  " %  λ1 = λ1(x0), . . . , λn = λ(x0). 5
 0 (0 * .9 % / %% %,  
%, % 0(  *% 0 + %
6 * 0  0 *!  >  0
 #		&	 /+0 f : D → Rn %>*0 
&		 0( %  %1
A f ∈ W 1,nloc ,
	A f > !  D,
DA  0 "  " K ≥ 1
‖f ′(x)‖n ≤ K · |J(x, f)| @	DA
% .+ , x ∈ D  .  . K < ∞,  0 %
‖f ′(x)‖ := sup
h∈Rn:|h|=1
|f ′(x)h| ,
%  § 3  $ JK / 0 	  	  $ JMK





	 0(   	 *
% ! /+0 f %>*0 %!1 0/ 
/+0 f .+ <% /!> . 
*   7 + 8 9 - 7 %, /+* : H 
&	 /+0 @%+ !%   C1(D),  0
0%, ‖f ′(x)‖n = |J(x, f)|A H * *  @	DA > #
*  K ≡ 1. #: H+ /+0 f(x) = x > % %
 ! /+0     % A 
	A  /<* %  *% % > %%% N  %
 DA >1 f ′(x) = E,  E  %% %#0 / ‖f ′(x)‖ =
"
1 = det f ′(x). 5+ 90 @	DA > # % K ≡ 1. $:
/+0  %  D > % @ OA  + 
 %: L! 0 /+0 f(x) = (x1, . . . , xn−1, q · xn),
 q ≥ 1    %   ( f  
/+0  0 #*! % +   A 	A  DA 0
	
. 0( f(x) = (f1(x), . . . , fn(x)),  >1 f1(x) = x1, . . . ,




















= q. !  4
 ".  ∂fi
∂xj
, 0  ! "0 30
x. ' ;  ! f ,  !0  C1  0
<  W 1,nloc  ! 0 :  #		& "	
  %  	A &,. f(x1) = f(x2). & / %
( % % %> ( x1 = x2. . 0( x1 = (a1, a2, . . . , an) 
x2 = (b1, b2, . . . , bn),   f(x1) = f(x2) 0! (
(a1, a2, . . . , an−1, q · an) = (b1, b2, . . . , bn−1, q · bn) . @	8A
 %  + /<    *%   % ", %% 
<*   @	8A % %> ( b1 = a1, . . . , an = bn, % >
x1 = x2. ' f  !  +  	A 0 	
+ 
&9 %,0%  .%, %( %%, ,%, %
% > ( %#0 C/ f ′(x)  /*0. # x0 ∈ Rn > %! 0
f ′(x) =
⎛⎜⎜⎜⎜⎝
1 0 0 . . . 0 0
0 1 0 . . . 0 0


   . . .


0 0 0 . . . 1 0
0 0 0 . . . 0 q .
⎞⎟⎟⎟⎟⎠
B%   %> ( J(x, f) = det f ′(x) = q.  
! % :0 % %( ( 0( %#0 > %! *%. %! 0 
""  <> % *  %! *%,   @ %
( ( % :>A  %   @DDA  9 % #
% * %  > %  q,  *% q ≥ 1  %(0 5+
‖f ′(x)‖ = q. 390 @	DA 0   %9% 0 %% 
 % %9*0 0 qn ≤ K · q, ( > % %%
 *% q    %  @    % qn ≤ K · q  x   
+*A
#
#	# = 30  !
&   %%% <*  % 0  ,%<* 0 /%
* ,% 0 /+0  ! ? 
l (f ′(x)) = min
|h|=1
|f ′(x)h|. ) ' /+0 f





0( J(x, f) = 0; KI(x, f) = 1, 0( f ′(x) = 0;  KI(x, f) = ∞  9%,
, 3) ' /+0 f  # x >  %%
KO(x, f) =
‖f ′(x)‖n
|J(x, f)| , @			A
0( J(x, f) = 0; KO(x, f) = 1, 0( f ′(x) = 0;  KO(x, f) = ∞  9%,
, /  (
KI(x, f) ≤ Kn−1O (x, f) , KO(x, f) ≤ Kn−1I (x, f) . @		DA
%,0%  90 @	DA 0 ! 
/+0 + /%   .  . 
 #	#		 /+0 f : D → Rn %>*0 
&		 0( %  %1
A f ∈ W 1,nloc ,
	A f > !  D,
DA  0 "  " K ≥ 1  .+ , x ∈ D
KO(x, f) ≤ K .
B! %" % 9 #" @% @DMA @DDA  @DAA
|J(x0, f)| = λ1(x0) . . . λn(x0), ‖f ′(x0)‖ = λn(x0) , @		8A
l (f ′(x0)) = λ1(x0) , @		A
KO(x0, f) =
λnn(x0)








    &	 
 4
   ‖f ′(x)‖n = |J(x, f)|#  
!KO(x, f) = KI(x, f) =
1.
$
#	$ >0   ?#		$:   ?#	#	:;?#	#	#:
?%% ( /+0 f : D → Rn > %#.% % %
+%  # x0 ∈ D,  %#0 A = f ′(x0) %+   0
" 0  %%   ( %   #" D L! 0 h ∈ Rn,
 ( |h| = r. L  h  %  e1, . . . , en  %
D1
h = h1e1 + . . .+ hnen , hi ∈ R , i = 1, 2, . . . , n ,
  *% A = f ′(x0)   . /+0   ( %
% @DA / %1
Ah = f ′(x0)h = λ1h1ẽ1 + . . .+ λnhnẽn , hi ∈ R , i = 1, 2, . . . , n .
?   0 
S(0, r) = {x ∈ Rn : |x| = r}
   #     r > 0 @%  < A L! 0
  *+ S(x0, r)  Rn
+%
f ′(x0)S(0, r) := {y ∈ Rn : ∃ y ∈ S(0, r) : y = f ′(x0)h} .
?  yi = λihi,   *% |h| = r, / %1
y21
λ21













' f ′(x0)S(0, r) , 2 "1   0  
 "0 rλ1, . . . , rλn    2 0 ẽ1, . . . , ẽn.
*0  "1  E.
%
?% ( %  % ( f ′(x0)S(0, r) ⊂ E. -+ + %
(  E ⊂ f ′(x0)S(0, r) @* # OA 5+
f ′(x0)S(0, r) = E ,
%  < 
 B 9! / %>0 % ( /:>   
 " ,
!
-  +. 	
r > 0 <> Ωn · rn @ Ωn  /:> %%"   Bn = B(0, 1) = {x ∈
Rn : |x| < 1}A  /:>  " E,  0! rλ1, . . . , rλn, <>
Ωn·rn·λ1 . . . λn @% +> # %  A ?+<% % *%
 % /  @		





 volA > /:> +%% A,  E1  		 	 
 





 ) '* KO(x0, f) (  
	   KO(x0, f)  )
	 0	 5		 	*5 *
 E  E1  0	 
* E, 	 
* E  	
&
  r  

	 
	 f ′, 
 






 (  
	    	 





*    )
 0	 5		
	*5 *  















-<%  0  %( % /%   % @		A ( 90
% #0 KI(x0, f) +  )
 0	 
* E
 0	 5		 	*5 *  E  E2  %  <


#	%     01 
  	 30  
 
 f : D → R2 &	
	   D = {x = (x1, x2) ∈ R2 : |x| < 1}   KO(x, f) 
(  1
  	
    	
 
 f(x) = (x1,−2x1) " f(x) = (2x1, 3x2)
 f(x) = (x2,−x2) # f(x) = (x1, 10x2)
  f(x) = (x21,−x1) $ f(x) = (x1, x22)
 f(x) = (5x2,−6x1) % f(x) = (5x1, 4x2)





" f(x) = (x2, x
3
2)  f(x) = (x
3
1, x1)
# f(x) = (x2,−7x2)  f(x) = (3x1, 3x2)
$ f(x) = (x2, 2x2)   f(x) = (x2,−2x2)
% f(x) = (x21, x
2
2)  f(x) = (5x
2
1, x2)
& f(x) = (x2,−10x2)  f(x) = (x1, 10x1)
 f(x) = (x21, x
2
2) " f(x) = (−x21, x22)
 f(x) = (x2, 5x1) # f(x) = (5x2, x2)
  f(x) = (−x2, 7x1) $ f(x) = (−8x2, x2)
 f(x) = (x2,−5x1) % f(x) = (−x2, 1)
 f(x) = (x22, 0)  & f(x) = (x
2
1,−5)
* #	%		 	    f : D → R2  
!   D = {x = (x1, x2) ∈ R2 : |x| < 1}  
KO(x, f), 




/01      /+0 / f : D → Rn, D := D,
>  % n = 2.  0   %0 % / /
+0 %  / %% % %  0
	











= 1. '  % #" 
/+0 f <*  % ,   f ∈ C1(D) @ %
/ *9 f ∈ W 1,2loc OA 5+  A 0 	 
?+ (  	A #*! + 0  > %% .
f  > !  *% %  % a = (−1/2, 0)  b =
(1/2, 0) ∈ D > %%   ,0* % /+ f     +
 1 f(a) = ((−1/2)4, 0) = (1/4, 0)  f(b) = ((1/2)4, 0) = (1/4, 0),
/ f(a) = f(b) % %, a = b. G !%*   ( f  >
!  +  30
B %9% 0 ,% KO(x, f). B ,0 .! %(







H J(x, f) = 4x31·1 = 4x31  !  @DDA ‖f ′(x)‖ = max{4|x1|3, 1}. B
+% ( 0/ J(x, f) />*0   0  , x = (x1, x2) ∈











% x1 = 0  KO(x, f) = ∞ % x1 = 0. 
#	& +30  !   1  "6
%*  :0% 9 0, /*! , % /% 
/+0 % / ,% .! % #" @9
< % 9<A  *%   /+0 + %  
%.  %%. %   / %  , +* %%
% *  %   @ 9%. ! 0A %! 0 /+0

&%   /+0 f(x) = (x1x2, x2) + %%<* /
 ( @ OA
5    %  Rn %  * n ∈ N,
    % @/ n = 2A > % 
 , ,  %% 0%, ! 0  . #" %
  #. 
 0  / 0 % +<%  R2  
 <  (%< /
C = {z = x+ iy, x, y ∈ R, i2 = −1} .
L! 0 
 #	&		 &,. z, z0 ∈ D ⊂ C.  0  "
#" f : D → C, "  /  D ⊂ C, ( > % , 
x  y % .+ , z = x+ iy,  1
∂f = fz = (fx + ify) /2 @	A

∂f = fz = (fx − ify) /2 . @		A
? 
µ(z) = µf(z) = fz/fz
% fz = 0  µ(z) = 0  % %   #0
µ,  %( %>*0 	
 ' /+0




|1− |µ (z)|| . @	DA
B+% (
J(f, z) = |fz|2 − |fz|2 ,
( + /%  0% , @%  J	  P
!  $KA @  # OA ?+ (
Kµ(z) = KI(z, f) = KO(z, f)
% n = 2 @%  90 @		
AA
 
C( fz(z0) = 0 = fz(z0)  J(z0, f) = 0,  µ(z0) = µf(z0) = 1, %
%> ( Kµ(z0) = ∞,  # >  KI(z0, f) =
KO(z0, f) = ∞. &,. f ′(z0) = 0,  + Kµ(z0) = KI(z0, f) =
KO(z0, f) = 1. &,.  J(z, f) = 0.
?+  (
‖f ′(z)‖ = |fz|+ |fz| . @	8A
@&!> ( ‖f ′(z)‖ := sup
|h|=1
|f ′(z)h|A . 0( f(z) = u(z)+iv(z),
  0 % %> (






































= |fz∆z + fz∆z| , @	
A
 ∆z = h1 + ih2. 5 *%  @	A ! 0<*0  h1  h2, (
|h| =√h21 + h22 = 1, >1 ∆z = eiθ, θ ∈ [0, 2π).  %1
|fz∆z + fz∆z| ≤ |fz|+ |fz| @	A

|fz∆z + fz∆z| = |fz| ·
∣∣1 + e−2iθµf(z)∣∣ , @	A
 0  %( µ(z) = µf(z) = fz/fz, % fz = 0  µ(z) = 0  %
% 5/%<%  * % θ = 1
2
arg µf(z), % %>
( % / ∆z = ei
1
2
argµf (z)  @	A % %> 90
|fz∆z + fz∆z| = |fz|+ |fz| . @	MA
H  @	A @	
A @	A  @	MA R  %> 90
@	8A ,<% ( J(f, z) = |fz|2 − |fz|2, 
Kµ(z) = KI(z, f) = KO(z, f)
+* /% %  @	8A  @		
A 0% ,
B! .! %( + + %% 1
Kµ(z) =
(|fz|+ |fz|)2
|fz|2 − |fz|2 . @	7A

* #	&		 	    f = (x1x2, x2)  
!    D = {x = (x1, x2) : |x| < 1}   
  "#  "# $% KI(x, f)  KO(x, f).
/01 H ( /+0 f > ! % %  .! %! 0
 + /%    ! %  %:    5+ f ∈ W 1,2loc .
B:0> % / f ! * a = (a1, a2)  b = (b1, b2).
&,. f(a) = f(b), 
(a1a2, a2) = (b1b2, b2) .
?%<<%  %%   .  . % *"
 >1 a2 = b2  a1a2 = b1b2. C( a2 = 0,  % a1 = b1.
5 % a2 = 0 > a1a2 = b1b2 = 0, 0 /  / % 0 a1 
b1. &,.  %  a1 = 1/2  b1 = −1/2,  0(  %
a2 = b2 = 0,  % a = (a1, a2) = (1/2, 0)  b = (b1, b2) = (−1/2, 0) >
f(a) = f(b) = (0, 0). %1 <  a = b, 6 f(a) = f(b).
⇒ f  , 00300  !  , 300	
B %9% 0 ,% KI(x, f)  KO(x, f). -+ %%0
% ( KI(x, f) = KO(x, f) = Kµ(z),  Kµ(z) %>*0  
90 @	DA ?%9 /+0 f   .  
f(z) = xy + iy, x, y ∈ D ⊂ C .




















· (y − xi+ 1) , fz(z) = 1
2
· (y + xi− 1) ,




(y + 1)2 + x2 +
√
(y − 1)2 + x2) .




(y + 1)2 + x2 +
√
(y − 1)2 + x2)2
4|y| .
H% z = x + iy,  y = 0, ! 0   #%, , %#0








 , %, , @ 0 @A >1 Kµ(z) = ∞. ?,0%
 F%,F %, x1  x2, >1
KI(x, f) = KO(x, f) = Kµ(x) =
(
√
(x2 + 1)2 + x21 +
√
(x2 − 1)2 + x21)2
4|x2|
% x2 = 0  K(x, f) = KO(x, f) = Kµ(x) = ∞ % x2 = 0. 
#	(     01 
  #	 30  
 
 f : D → R2 &	











 f(x) = (x1x2,−3x1x2) " f(x) = (2x1x2, 3x2)
 f(x) = (3x1x2, 5) # f(x) = (x1, 10x1x2)
  f(x) = (−x1x2, x1x2) $ f(x) = (x1x2, 2x1x2)
 f(x) = (5x22,−6x1x2) % f(x) = (8x1, 9x2x1)





" f(x) = (x2, 7x1x2)  f(x) = (x2x
3
1, x1x2)
# f(x) = (x2x1,−7x2)  f(x) = (3x41, 10x1x2)
$ f(x) = (−4x2x1, 5x21)   f(x) = (x2x31,−2x2)




2)  f(x) = (5x
2
1x1, x2)
& f(x) = (x1x2,−10x2)  f(x) = (5x1, 6x1x2)




2) " f(x) = (−x1x21, x22)
 f(x) = (x2, 5x2x1) # f(x) = (5x1x2, x1x2)
  f(x) = (−x1x2, 7x1 + 6) $ f(x) = (6− 8x2, x1x2)
 f(x) = (3x1x2,−5x1) % f(x) = (−x1x2, 1)
 f(x) = (x22,−4x1x2)  & f(x) = (4x2x21,−5)
#	) *.   1 31
 #*   % +> % ! * %  %#<
0  %, #.    C  %( ! 0 % n = 2.
C(   >    #" ζ = f(z)  g = f(ζ), f > %
<  0   % z0 ∈ C, f(z0) = ζ0,  g %  0
  ζ0 ∈ C,     % z0 %   #0 y = g(f(z)).
"
?%% ( #0 f %#.  # z0,  g  %
#.  # ζ0,  g > %#.<  # z0   %
  @% + J	  P  $  KA1
(g(f(z)))z(z0) = g(f(z))ζ(ζ0)ζz(z0) + g(f(z))ζ(ζ0)ζz(z0) ,
 !<% ( ζ = f(z) # + %% 1
(g(f(z)))z(z0) = g(f(z))ζ(f(z0))fz(z0) + g(f(z))ζ(f(z0))f z(z0) . @	A
H ,  ζ, ζ, z, z %  . #"  % 
90 @	A@		A -<%  ! / %1
(g(f(z)))z(z0) = g(f(z))ζ(f(z0))fz(z0) + g(f(z))ζ(f(z0))f z(z0) . @		A
B 0( g   % #0  gζ = 0 @ O  # %
 %>   9LA   % @	A@		A + %%
1
(g(f(z)))z(z0) = g(f(z))ζ(f(z0))fz(z0) , @	DA
(g(f(z)))z(z0) = g(f(z))ζ(f(z0))fz(z0) . @	8A
* #	)		 &# !   %
!$%	     $%  f :
D → C   	 
 D = {z ∈ C : |z| < 1},  f(z) = cos z3 + z
'  	 
 z = x+ iy,  z = x− iy()
/0 B. fz  fz.  0  % f1(z) := cos z3
 f2(z) = z. 5 *% %#.0  z  z, % >  .<
#><  fz = (f1)z + (f2)z  fz = (f1)z + (f2)z.
L! 0  #< f1(z). 5 *% f1(z) = h1(h2(z)),
h1(ζ) = cos ζ
3  h2(z) = z, % h1   % #0  +
 %%0  % @	DA  @	8A B! #%,  
(f1)z = −3(sin z3) · z2 · 0 = 0 ,
(f1)z = −3(sin z3) · z2 · 1 = −3(sin z3) · z2 .
 ! % ( (f2)z = 1  (f2)z = 0. 5
fz = 0 + 1 = 1 ,
fz = −3(sin z3) · z2 + 0 = −3(sin z3) · z2 .
#





= 1−3(sin z3)·z2 . 5 J(f, z) = |fz|2−|fz|2 = 1−9| sin2 z3| · |z|4.
 , %+ 0/ 00    4
! f <> @%>0 90 @	7AA
Kµ(z) =
(|fz|+ |fz|)2
|fz|2 − |fz|2 =
(1 + 3| sin z3| · |z|2)2
1− 9| sin2 z3| · |z|4 .

* #	)	#	     z  z  !$% w =
cos(z − 5). *    $%  )
/0 L:0+    / *9 ! * %! 0
/ ! 0   #< w(z) = f(z),  f(z) 
 % #0 @  % f(z) = cos(z − 5)A




· (wx − iwy) = 1
2




· (ux − vy + i · (−vx − uy)) = 0 ,





· (wx + iwy) = 1
2




· (ux + vy + i · (−vx + uy)) = 1
2




· (ux + i · vx − i · (uy + i · vy)) = fz .
5+  0 9" #" w = cos(z − 5) % / % wz = 0, wz =
− sin(z − 5).   % #0 µw(z) = wz/wz <>  < 
0  , ,  wz = 0, / µw(z) = 0.
-% * % #0 Kµ(z) =
(|fz |+|fz|)2
||fz|2−|fz|2| = 1. L* Kµ(z) = 1
> ( w >  %  &		 
	 @
  +" %  0/  />*0   *  > 
%  / λ1 = λ2  % %, %( 0,I %.  
" 0%. >    r % /+ w, %+>*0
 % H% / *9 /+0 >   * %  
$
/ %% F  *F  %  /1 + % ( 
/+0   !  C.
C/  <> |fz|2 − |fz|2 = 0 − (|− sin(z − 5)|)2 =
−| sin2(z − 5)|. 
* #	)	$	     z  z  !$% w =
cos(z + z). *    $%  )
/0 -+ %%0 %  /,0  " 
#"1 <% ξ = ξ(z) = z + z % f(ξ) = cos ξ, / % w(z) =
(f ◦ ξ)(z)
wz = fzξz + fzξz , wz = fzξz + fzξz . @	A
B 9* @	A ,<% ( f(ξ) = cos ξ   % 
#0 @  0 " fz = 0A % %> (
wz = − sin(ξ)ξz = − sin(z + z) , wz = fzξz = − sin(z + z) .
C/ #*! /+0 <>  <1
J(w, z) = |wz|2 − |wz|2 = | sin2(z + z)| − | sin2(z + z)| = 0 .
-% * % #0 Kµ(z) @   (% >  KI(z, f) 
KO(z, f)A <>  <%   z,  0 0%, sin(z+
z) = 0,  Kµ(z) = 1.   % #0 µf(z) @ 0A 
<>  < <%   % 
%
#	A     01 
  $	  &		   * &'*
 	
  		 '* 
 f : D → C
 (    D = {z ∈ C : |z| < 1},  
 f 










 f(z) = cos z " f(z) = z2 + z2
 f(z) = cos z + z # f(z) = z + z2
  f(z) = cos z + z2 $ f(z) = z2 + z
 f(z) = cos z + z3 % f(z) = z2 − z
 f(z) = sin z + z2 & f(z) = z3 + z
" f(z) = sin z + 2z2  f(z) = z3 − z
# f(z) = sin z − z2  f(z) = cos z
$ f(z) = cos z + z   f(z) = cos z + 1
% f(z) = ez  f(z) = sin z
& f(z) = ez + z  f(z) = sin z + 1
 f(z) = ez + z " f(z) = sin z − 1
 f(z) = ez + z2 # f(z) = ez
  f(z) = ez − z2 $ f(z) = 1z−1
 f(z) = ez + z3 % f(z) = 1z+1
 f(z) = ez − z3  & f(z) = 1
(z)2+1
! 	 " ##$
$	 B1 0!1 1	 92 " 31
? % 0 /* .%  %0   +0
%, /+*    . %%,     %%%
   % #.  &'* 	





 &'*1  0
 $			 &,. [a, b]   0" R1. 6#0 f :
[a, b] → R1 %>*0 &' 	

* '* %9* f ∈ V[a,b],
0( >   C > 0  (  0 /*0! /%0 π = {a = t0 ≤
 &
t1 ≤ . . . ≤ tn−1 ≤ tn} % *
n∑
i=1
|f(ti)− f(ti−1)| ≤ C .







|f(ti)− f(ti−1)| < ∞
%>*0 ' &'* f   [a, b].
B+% (  #0 + % /+ #<
 % % #0 + /% /+" #" /
V[a,b] ⊂ C[a,b] , C[a,b] ⊂ V[a,b] .
-  3 0!1 1
A 9'* 	

* '*  	

	   [a, b] @#
% %>   %%  0 #. /+" 
#"A 5/ +0  @%   #0 %, >
f(x) =
{
1, x ∈ Q,
0, x ∈ R \Q
 * # OA
	A- &'* 
   [a, b], 	 	


'1 . ,. %  f  > 
n∑
i=1
|f(ti)− f(ti−1)| = f(t1)− f(t0) + f(t2)− f(t1) + · · ·+ f(tn)− f(tn−1) =
= f(tn)− f(t0) = f(b)− f(a) < ∞ .

DA  
 &' f &

'   [a, b] 4 
   '
 # 	 |f ′(x)| ≤ C  
*
* C > 0. : f 	 	

 '1 .  + 
  [ti−1, ti] >  0 /+0 f  S!+   0
 
0" % ξi ∈ (ti−1, ti) >1 |f(ti) − f(ti−1)| = |f ′(ξi)| · |ti − ti−1| ≤
C · (ti − ti−1). H
n∑
i=1
|f(ti)− f(ti−1)| ≤ C ·
n∑
i=1




	 ;1 9' f 	 	

 '  [a, b]
      	
  

  ( f =
f1−f2, 
 f1  f2 7 	  &'*  [a, b]. 3
	  
f ∈ V[a,b],  f 	
  &

'  [a, b]. @ 0
0 + /% . %   J8 T	 !  U$KA
* $			 	     $# !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, x = 0,
0, x = 0 .
/0 ?+ ( #0 f > /+ #< 
 [0, 1], / f ∈ V[0,1].  0 #*!  .  %
x ∈ [0, 1]  ( sin 1
x
= ±1. ->1∣∣∣∣sin 1x






, k ∈ N .
L! 0  /%0 πn  [0, 1] ! %! 01
πn =
{
x0 < x1 =
2
π + 2πn
≤ x2 = 2
π + 2π(n− 1) ≤ . . . ≤ xn−1 =
2
π







∣∣∣∣± 2π + 2πn − 0
∣∣∣∣+ ∣∣∣∣± 2π + 2πn ± 2π + 2π(n− 1)
∣∣∣∣+
+
∣∣∣∣± 2π + 2π(n− 1) ± 2π + 2π(n− 2)
∣∣∣∣+ · · ·+ ∣∣∣∣ 23π + 2π
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|f(xi)− f(xi−1)| = ∞. 
* $		#	 	     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, x = 0,
0, x = 0 .
/0  ( f > /+ #<  [0, 1].  0 #*!
. , #" f  + ( #0 , > /+<
6#0 f > %#.<  , ,   (0, 1] 0 /
%#.%, #. f1 = x2  f2 = sin 1x . ->1
f ′(x) = 2x · sin 1
x















∣∣ ≤ 1  ∣∣cos 1
x
∣∣ ≤ 1  0 , x ∈ [0, 1],  @D	A %>1
|f ′(x)| ≤
∣∣∣∣2x · sin 1x
∣∣∣∣+ ∣∣∣∣cos 1x
∣∣∣∣ ≤ 2 · 1 + 1 = 3 .
 + ( / , #" f  # x0 = 0 >
 <>  <  0 #*! ,> ,     0
->1
f ′(0) = lim
x→+0
f(x)− f(0)
x− 0 = limx→+0 x





x · sin 1
x
= 0 ,
 *% #0 x sin 1
x
> / /+" #" f1(x) = sin 1x 
   #< f2(x) = x  + >   < 
#>< % x → +0 @  lim
x→+0
x · sin 1
x
= 0  0 
 " #"A
' #0 f >  , ,  [0, 1],  <<%
# % /+ ,  f ∈ V[0,1]   %< DA 
#. /+" #" @%  DA 
  
$	#     01 
  %	  	
 (   81"1"7
81"16 0  
 &' f, f(0) = 0,   [0, 1] 	
	











 f(x) = x3 sin 1x " f(x) = x
2 sin 1
x3
 f(x) = x4 sin 1x # f(x) = x
3 sin 1
x3
  f(x) = x5 sin 1x $ f(x) = x
2 sin 1
x4
 f(x) = x6 sin 1x % f(x) = x
3 sin 1x4
 f(x) = x7 sin 1x & f(x) = x
4 sin 1
x4
" f(x) = x8 sin 1x  f(x) = x
2 sin 1
x5
# f(x) = x9 sin 1x  f(x) = x
3 sin 1
x5
$ f(x) = x10 sin 1x   f(x) = x
4 sin 1x5
% f(x) = x3 sin 1
x1/2
 f(x) = x5 sin 1x5
& f(x) = x4 sin 1
x1/2
 f(x) = x6 sin 1
x5
 f(x) = x5 sin 1
x1/2
" f(x) = x7 sin 1
x5
 f(x) = x6 sin 1
x1/2
# f(x) = x8 sin 1
x5
  f(x) = x7 sin 1
x1/2
$ f(x) = x9 sin 1
x5
 f(x) = x8 sin 1
x1/2
% f(x) = x10 sin 1
x5
 f(x) = x9 sin 1
x1/2
 & f(x) = x10 sin 1
x10
 0  *9! % 0  / ! 0% ( % +
 %%.   #. L! 0  0




 0(  0 /*0! ε > 0 > δ = δ(ε) :  0 /* 0"




ai) < δ, % 1
n∑
i=1
|f(bi)− f(ai)| < ε.
-  2 ". 3
A 3 %#0 / / < %, #.  
+0 / < " #"  %  >  / <
< #><
	A C( #0 / <      
    > /+ #<
 
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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f ′(t)dt = f(x)− f(a).
&  /% %  " #" 0  > /
 < < &%  . #0  %  D1
 *%  > /+ #<    %< 	A  
> . / < < B  9 /% "
32 0!1 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  , 2 "2
@  +  A 5 / *9 / %* . 
/ <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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#0%  ,%*  ./ %+%, 
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
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  (  1
$	% C"<  .  Rn.
 # /
   D  Rn.
?  *
 $	%		   Rn %>*0  /
+0 α : I → Rn,  < ( I  #   +% % I = (a, b);
I = [a, b]; I = (a, b]; I = [a, b). &,. α : [a, b] → Rn, a = t1 ≤ t2 ≤ . . . ≤







 sup   , %, /%0, a = t1 ≤ t2 ≤ . . . ≤ tn−1 ≤ tn @%
 < A H     * α 4 ** #  	
|α| = {x ∈ D : ∃ t ∈ [a, b] : α(t) = x} .
 α  	   l(α) < ∞.
& 0 + %  :0  %
 $	%	#	 &,. α : [a, b] → Rn  0 < %
B>  t ∈ [a, b]  %  s(t) +% %"
α : [a, t] → Rn. 6#0 s(t) %>*0 &'  %" α.
-> #   @ J7  DKA
/0 $	%		 +$ s(t) : [a, b] → R1   ,
'-(    a ≤ t1 ≤ t2 ≤ b , s(t2)−s(t1) ≥ |α(t2)−α(t1)|.
'.( !$ s(t)  ##)
'/( !$ s(t) )
'0( !$ s(t) #     	  α(t)
# )
'1(  s ′(t)  α ′(t) #  #  s ′(t) = |α ′(t)| 
#)
'2( 







   $    	  α(t) #  
)
$	& 0 "0  .	 C "0	
8 
-% / %+>0  0  0 . %%,  !  .+
 %9%, *  N/ .! %  / % 
0 0     	
' %"  
%#< %"  !<  +%% s = s(t). H+ (/
%%%  .%. !  #"  %. @( + > /
,%  0 9" %A / (/ #0 /  F  !<F
G %!>   % 0 

* &'*1 ?,% 
*
 $	&		 &,. α : [a, b] → Rn  0 < % 
+* ( % α %,%*  %" β : [c, d] → Rn  	
 "
	
 0( > < #0 h : [a, b] → [c, d]  (
α(t) = β ◦ h(t).
% ( %,0*   9"  !< % 
<* %. / @.A  +  +%% &
 >  <<
/0 $	&		 4  % #% % α : [a, b] → Rn
  #  α0 : [0, c] → Rn    
,
'-( α   α0  # #%  )
'.( 5
 l(α0|[0, t])   % α0   [0, t], 
l(α0|[0, t]) = t    t ∈ [0, c]. 6" 	 c = l(α)  α(t) =
α0 ◦ sα(t) 'sα(t) 3 !$  % α.(
 %#0 %" α0 %>*0 	 
	
' * α,   s ∈ [0, l(α)]  	 	

	 % α0 %<* ( 		 
	 * α.
& 0 * %.%   *   %
 + % /,   0  *9! % 0
 $	&	#	 '
	 	 %>*0 % +%
  #. /:>0 % 0  %
%" %#  *  *# +% %*  +< +%
 $	&	$	 '
 ' 	 B %>*0 
+% E, (  +%*  B   0  *" +%% A ∈ B %>*01
A ∩ E = A.
 $	&	%	 σ'
	 	 %>*0   *# 
+% 0   +<  < +% A1, A2, . . . , An, . . . 









 V #  * %!
 !/  ( %*  % +%% Rn. -+% A ⊂ Rn
%>*0 

 0(  > +%< (  +%* #. %!
 !/ B     % +%% Rn  0








 $	&	)	 6#0 ρ : Rn → R @/ ρ : D → R,  D 
/ *  RnA %>*0 

 0( %. / ρ−1(E) =
 #
{x ∈ Rn : ∃ y ∈ E : f(x) = y} @ ρ−1(E) = {x ∈ D : ∃ y ∈ E :
f(x) = y}A > / < +%<  < ( E   * / 
+%
H %   % 0  .! !   #" ρ 
@  * 0 <.A %. α. H    % α : I → Rn %
>*0  	 0( +0 α|[a,b] > 0 <<
%<  0 /*0! !   [a, b] ⊂ I.
 $	&	A	 &,. #0 ρ : Rn → R @/ ρ : D → R,  D







 α0   * /+0 %" α, % %( C( α  / <







    %!     @% J7  8KA
$! %    * 0 <% %% %<*0  !
$	(   "<  0  0 .
C  %(  γ %>*0  /+0  [a, b]
@/ %! % %!   (a, b), [a, b), (a, b]A  Rn,
γ : [a, b] → Rn. ? :>< %%, Γ % > 0%. %.
/ %%, γ, 
f(Γ) = {f ◦ γ|γ ∈ Γ} ,
%  < 
 $	(		   #0 ρ : Rn → [0,∞] *0 




ρ(x) |dx|  %. γ  *0> 
∫
γ
ρ(x) |dx| ≥ 1 @D
A
 $
 $ *0 

1  Rn  	
 0 , @  * 0%,A %%, γ ∈ Γ.   #* % %
%91 ρ ∈ admΓ.
”%*” ( % %(  @D
A  !%" %
 > (  * % γ :" Γ > +%  9 + 1
 ”%#” ρ. & 0 0 +>*0 9 :0% 0 
/, S ' *  '  ! %  JK  J	K  + 5 S,
   % JK
 $	(	#	 -





ρn(x) dm(x) . @D
	A
 %  0 M  .  >  !%%   %.
% S/!m  Rn. 3  * +*" :" %%, <>  <
M(∅) = 0, >  %*  ( . %%, Γ1  Γ2 :
Γ1 ⊂ Γ2 ⇒ M(Γ1) ≤ M(Γ2) , @D
DA













	 J7K W0* ( :0 %%, Γ1 	 :><
Γ2, %9 Γ1 > Γ2, 0(  0 +" %" γ ∈ Γ1 > % (
 +%*  :" Γ2. B+% (




- * . %%, > %  >" %  (  .! 
!< + /% %  *  /+0  
/ JDK %  D 6 W! %% K /
+0 0 ! ( <>  *  *#" /   / *9
+  K  -> # 
/0 $	(		7! f : D → Rn  
&		 	 
   K ′′ < ∞ 	 
  3
% % Γ  γ, 
    D,  
(1/K ′′) ·M(Γ) ≤ M(f(Γ)) ≤ K ′′ ·M(Γ) . @D

A
H     * . %%, M > %%  90
@D
	A ?% #*  0  f * %0  %9
" %%   @D

A / 
M(f(Γ)) ≤ K ′ ·M(Γ) , @D
A
%  J7  D8DK  (   % @D

A  #* %
 %>*0 % % .  . $  0,
%, %( * ! 0 % f : D → Rn, %<* (
f : D → Rn,  Rn := Rn ∪ {∞}, ( /*  >  + %% B
 +  /+0 f : D → Rn, %  / 
D ⊂ Rn,  *0>  M(f(Γ)) = M(Γ)  0  *" :" %%,
Γ  /  D, %  J7  KI % % %> ( /*0
 /+0  *0>  @D

A  K ′′ = 1.
3 %% >  +0 @% J7  KA
/0 $	(	#	 5
 f : D → Rn 3 !  
	  f   '/)2)8(  K ′ = sup
x∈D
KI(x, f),  !$#
KI(x, f)   # " '.).)-()
&
$	)     01 
  (	 . (   
   f 7 &	


 f : D → R3, D = {x ∈ R3 : |x − e| < 1} ⊂ R3, e = (2, 2, 2),























 f(x) = (−x1, 3x2, 5x3) # f(x) = (−x41, 3x42, 5x43)
  f(x) = (x1,−3x2, 5x3) $ f(x) = (−x41,−3x42, 5x43)
 f(x) = (x1, 3x2,−5x3) % f(x) = (−x41,−3x42,−5x43)









" f(x) = (−x21, 3x22, 5x23)  f(x) = (x51, 2x52, 2x53)
# f(x) = (x21,−3x22, 5x23)  f(x) = (−x51, 2x52, 2x53)
$ f(x) = (x21, 3x
2
2,−5x23)   f(x) = (x51,−2x52, 2x53)
% f(x) = (−x21,−3x22, 5x23)  f(x) = (x51, 2x52,−2x53)
& f(x) = (−x21,−3x22,−5x23)  f(x) = (−x51,−2x52,−2x53)











 f(x) = (−x31, 3x32, 5x33) # f(x) = (−x61, 2x62, 2x63)
  f(x) = (x31,−3x32, 5x33) $ f(x) = (x61,−2x62, 2x63)
 f(x) = (x31, 3x
3
2,−5x33) % f(x) = (x61, 2x62,−2x63)
 f(x) = (−x31,−3x32,−5x33)  & f(x) = (−x61,−2x62,−2x63)
* $	)		 .
   f 7 &	
 

f : D → R3, D = {x ∈ R3 : |x − e| < 1} ⊂ R3, e = (2, 2, 2),  
 (  K ′  










/01 -> f1(x) = x21, f2(x) = 2x
2














= 0 % i = j,
f ′(x) =
⎛⎝2x1 0 00 4x2 0
0 0 6x3
⎞⎠ .
B% |J(x, f)| = 48|x1x2x3|  l(f ′(x)) = min
x∈D,x=(x1,x2,x3)
{2|x1|, 4|x2|, 6|x3|}.
5#% %  %% l(f ′(x)),  J(x, f)  ,  0 /*0! i =

1, 2, 3 >1
|xi − 2| < |x− (2, 2, 2)| < 1 ,
%  < %%
−1 < xi − 2 < 1, 1 < xi < 3, 1 < |xi| < 3 .
B% J(x, f) ≤ 48 · 3 · 3 · 3 = 432, l(f ′(x)) ≥ min{(2 · 1), (4 · 1), (6 · 1)} =
min{2, 4, 6} = 2.
B+% (  % , /+0 f <*  
 + f ∈ C1 ⊂ W 1,3loc (D).  ( f  ! 
 * a = (a1, a2, a3) ∈ D  b = (b1, b2, b3). -% > % ( 





3) ⇒ |a1| = |b1|, |a2| = |b2|, |a3| = |b3| ⇒ a1 = b1, a2 = b2, a3 = b3,
 *%  % %( 1 < ai < 3, 1 < bi < 3, i = 1, 2, 3 ⇒ a = b ⇒
f  !







= 54 . @DA
/+0 f > % ( % %> %   
0 		1 f    *% f  !   W 1,3loc (D)
  ! KI(x, f) /+  # % %>   @ + /
+< >   %% KO(x, f), ( % %>  !"   @		DAA
B*  " K ′   @D
A + 0% /*0 C ≥ 54. 
$	A B  0  0 .
   *9  / 0*0 0   > 
 %  §   J
K /  7  $$  JMK
 $	A		 
	 %<*  E = (A, C) , 
A  % +%  Rn,  C   +% A. @	
 E *0   %%1




|∇u|n dm(x) , @D	A
 C∞0 (E) = C
∞
0 (A, C)  :0 :>%, %, #. u :
A → R  % >  A %, ( u(x) ≥ 1 % x ∈ C  u ∈
C∞(A).









&   0 " %" γ : [a, b] → Rn % |γ| >
. γ, / |γ| = {x ∈ Rn : ∃ t ∈ [a, b] : γ(t) = x} . ' ! +
%%% .  *" %"  /:0 "
/0 $	A		9 E = (A, C) 3    Rn
  ΓE 3     γ : [a, b) → A  γ(a) ∈ C  |γ| ∩
(A \ F ) = ∅    F ⊂ A.  capE = M (ΓE) ,
) :;	  -<).	 ) ==>  # ;)
 % 20 	 ( - 

1  3 
$9%%  %  0  E = (A,C) :0 ΓE  >*0
 %,   *% %, %%, ( <*   C,  +*  A   . +
 #    +*      % A.  
% /+" +%% A  % % ”,%%”  +
A.
$	D . 0  0 .   . " .
- * . %%,  / *9 %  0 %! 0  /,
>*0 B%. .! +  %9 #%% , / % 
+ .% #  0 . %%,     5
 0%, %, %#0,  * + /% /,%. 0 L!
 0   %#"
 
	 E  "0
&,. Γ  :0 %%, ( :><* % + % 0
% Π   (% R2, 0 <* +% b,  9  0
% >  a @%  < 7A
 & () - 





 /*0 #< ρ ∈ admΓ. B < W *  *
% ρ ∈ admΓ, >
a∫
0





ρ(x, y)dy = 1
a












⇒ M(Γ) ≥ b
a
. @DMDA
B 9! / ,. ρ(x) = 1/a % x ∈ Π  ρ(x) = 0 % x ∈ Π. H  0




· a = 1 ⇒ ρ ∈ admΓ ⇒
M(Γ) ≤ 1
a2
· a · b = b
a
. @DM8A





#	 E  3 	
?,>  * . %%, ( :><* / %% %
!  *#0
A(a, b, 0) = {x ∈ Rn : a < |x| < b} ,
%  <  &,. ρ ∈ admΓ.  0 +! y ∈ Sn−1 = {y ∈ Rn :

  () - 








































 ωn−1   ( %%" % Sn−1  Rn. B 9! /  
ρ(x) = 1|x| log
b
a
% x ∈ A(a, b, 0)  ρ(x) = 0 % x ∈ A(a, b, 0). ->















 ωn−1   ( %%" % Sn−1  Rn.

'" $	D		  )
	 481A1B# 

  	 	
     

 & 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